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Building a
Two-level model



a Two-level model

Linear model of Si ~ Norm(u,, o)
test scores
Scores depend on students’ age, Hixk — ,30k + :B1kAgei + IBZkF emale,- + IBSKB/aCki

sex, race, and ethnicity.



a Two-level model

Si ~ Norm(u,, o)
Uy = Box + ByAge; + BoFemale; + By, Black;

Random intercept Bok = Yoo + Nok

Let each class have its own
overall performance.



a Two-level model

Si ~ Norm(u,, o)
Uy = Box + ByAge; + BoFemale; + By, Black;

ok = Yoo T Mok

Random slopes t = V1o T N
Let the “effect” of students’

characteristics differ from IBZK — Voo T MNogk

classroom to classroom

Bax = V3o 1 Nak



a Two-level model

Intercept
predictors

Does each classes’ average
score depend on classroom
features”? (number of students
and teacher’s experience)

Si ~ Norm(u,, o)
Uy = Box + ByAge; + BoFemale; + By, Black;

Bok = Yoo T+ Yo1Sizex + Vo EXPK + Nk
Bk = V1o + N
Bok = Voo T Nk
Bak = V3o T+ Nax




a Two-level model

Slope predictors

Does the expected score
difference between older and
younger students depend on the
size of the class?

Si ~ Norm(u,, o)
Ui = Box + ByAgei + B Female; + [ Black;

Bok = Voo 1 VoiSizex + Voo EXPr + Nox
By = Vio + VuSizex + Ny

Box = Voo

— ok

Bax = Vag T

M3k



a Two-level model

Group-level
covariates on slope
and intercept

In most cases, covariates on
slope models should be included
in intercept model as well

Si ~ Norm(u,, o)

Uy = Box + ByAge; + By Female; + B4 Black;

Bok = Yoo + VorSizeéx + Voo EXPk+
Vo3 I€eacherFemale,
Voq T€aCcherBlack -
VosPropBlack, + ng

By = Vio + VuSizex + Ny
Bo, = Voo + VoiT€acherFemale, + N,

Ba, = Vag + VaTeacherBlack,+
Voo PropBlack + ns



ovariance model
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a Two-level model

Complete model

The full two-level model describes
variation in test scores as a
function of student- and class-
level covariates.

Residual variation is attributed to
within-class (o) and between-
class (¢) differences.

Si ~ Norm(y,, o)
Ui = Box + By Agei + By Female; + [ Black;

Bok = Yoo T+ YorSizex + Voo EXPk-
Vo3 T€eacherFemale -

Voq T€aCherBlack -
VosPropBlacky + ng
Bk = V1o T ViSizex + Ny

Bo, = Voo + VoiT€acherFemale, + n,,

Ba, = Vag + VaTeacherBlack,+
Voo PropBlack + nsy



a Two-level model

“Expanded” or
“flat” model

To specify the model
in R/brms, it is useful
to substitute the
second-level
equations to make
the cross-level
interactions implicit
in the hierarchical
model clear

Voo + Yoroizex + Voo EXpK + TeacherFemale,—+
Voa T€acherBlacky + yysPropBlack + y,Age;
VnAge;Size, + vy oFemale; + y,Female;TeacherFemale,+

VaoBlack; + ysBlack;TeacherBlack, + ys.Black;PropBlack

Nox + NyAge; + no Female; + ny Black; + €;



Interpreting
estimates



Two-level model: estimates

Si ~ Norm(u,, o)
Uy = Box + ByAge; + By Female; + By, Black;

Box =|Voo| 1 Vo1|5izek + V02|EXPk+

Vo3 TeacherFemale -

Voa T€acherBlack,—+

VosPropBlack, + ng,
B =|Vio|T y11]l5izek T N 90% credible
Box = Va0 t VoiT€acherFemale, + ny Mean interval
Bax = V3o + Va1 TeacherBlack,+ Expected score when

all covariates are zero y00 544.18 521.97 566.37

Voo PropBlacky + ns

Baseline effect of class size y01 -1.47 —2.02 -0.93
Baseline effect of
teacher experience y02 0.23 —-0.01 0.47

Baseline effect of age ¥10  —4.76 -5.87 -3.67

Effect of class size on age

difference in scores y1 1 0.10 -0.18 0.39
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Two-level model: estimates

Sik ~ Norm(uy, o)
Uy = Box + ByAge; + By Female; + By, Black;

Box = Yoo T VoiSizex + Voo EXPK+

Vos|ll€eacherFemale, -

Voq T€acherBlack -

VosPropBlack, + ng

Bk = V1o T YnSizex + Ny
Box =|V20| H Voi|f€aCherFemale, + ny

90% credible

Bax = Va0 + VarTeacherBlack,+ Mean interval
V3o PropBlacky + ng Baseline gender difference

in teacher effectiveness y03 -12.73 -34.86 9.44
Expected score difference between female

versus male students with male teacher y20 10.61 —7.43 28.56
Expected score difference for female

students with female versus male teachers y21 -0.61 —-18.72 17.43




Two-level model: estimates

Si ~ Norm(u,, o)
Ui = Box + ByAge; + Bo Female; + By, Black;

Box = Yoo T VoiSizex + Voo EXPK+

Vo3

TeacherFemale,—-

Y04

TeacherBlack, -+

Yos

}DropBlackk

Nok

Bk = Vio T VnSizex + Ny

Bax
Bax

Vo0

+ v, TeacherFemale, + n.

V30

90% credible

Vaq|[TeacherBlacky+ Race difference in teacher

V32

effectiveness (white students) y04

PropBlack, + na

Effect of class racial

composition (white students) y05

Baseline race difference
iINn student scores y30

Added effect of having a Black teacher
for Black (versus white) students y31

Added effect of class racial composition
for Black (versus white) students y32

Mean interval
—7.96 -17.80 1.74
-25.99 -38.44 -13.41
—23.73 -29.22 -18.09
13.97 4.37 23.78
3.97 -10.53

18.72 .




Two-level model: estimates

White teachers Black teachers
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