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Agenda 1. Building a 2-level model 
2. Interpreting multi-level 

estimates 
3. Specifying and and 

interpreting in R
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Building a 
two-level model



Building a two-level model
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Linear model of 
test scores

Scores depend on students’ age, 
sex, race, and ethnicity.

Sik ⇠ Norm(μik, σ)

μik = β0k + β kAgei + β2kFemalei + β3kBlacki

β0k = γ00 + γ0 Sizek + γ02Expi+

γ03TeacherFemalek+

γ04TeacherBlackk+

γ05PropBlackk + η0k
β k = γ 0 + γ Sizek + η k

β2k = γ20 + γ2 TeacherFemalek + η2k
β3k = γ30 + γ3 TeacherBlackk+

γ32PropBlackk + η3k
<latexit sha1_base64="+Rpt2uKXCvMcGxWzJWs4kWPItZw="></latexit>
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Random intercept
Let each class have its own 

overall performance.

Sik ⇠ Norm(μik, σ)

μik = β0k + β kAgei + β2kFemalei + β3kBlacki

β0k = γ00 + η0k
β k = γ 0 + η k

β2k = γ20 + η2k
β3k = γ30 + η3k
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Building a two-level model
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Random slopes
Let the “effect” of students’ 

characteristics differ from 
classroom to classroom

Sik ⇠ Norm(μik, σ)

μik = β0k + β kAgei + β2kFemalei + β3kBlacki

β0k = γ00 + η0k
β k = γ 0 + η k

β2k = γ20 + η2k
β3k = γ30 + η3k
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Building a two-level model
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Intercept 
predictors

Does each classes’ average 
score depend on classroom 

features? (number of students 
and teacher’s experience)

Sik ⇠ Norm(μik, σ)

μik = β0k + β kAgei + β2kFemalei + β3kBlacki

β0k = γ00 + γ0 Sizek + γ02Expk + η0k
β k = γ 0 + η k

β2k = γ20 + η2k
β3k = γ30 + η3k
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Building a two-level model

7

Slope predictors
Does the expected score 

difference between older and 
younger students depend on the 

size of the class?

<latexit sha1_base64="+fySOgie02PMh33OXoe/MaokSb4="></latexit>

Sik ⇠ Norm(μik, σ)

μik = β0k + β kAgei + β2kFemalei + β3kBlacki

β0k = γ00 + γ0 Sizek + γ02Expk + η0k
β k = γ 0 + γ Sizek + η k

β2k = γ20 + η2k
β3k = γ30 + η3k



Building a two-level model
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Group-level 
covariates on slope 

and intercept
In most cases, covariates on 

slope models should be included 
in intercept model as well

<latexit sha1_base64="cKhgmoBkpug2XL30h1HtIz3Clns="></latexit>

Sik ⇠ Norm(μik, σ)

μik = β0k + β kAgei + β2kFemalei + β3kBlacki

β0k = γ00 + γ0 Sizek + γ02Expk+

γ03TeacherFemalek+

γ04TeacherBlackk+

γ05PropBlackk + η0k
β k = γ 0 + γ Sizek + η k

β2k = γ20 + γ2 TeacherFemalek + η2k
β3k = γ30 + γ3 TeacherBlackk+

γ32PropBlackk + η3k



Covariance model
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Sik ⇠ Norm(μik, σ)

μik = β0k + β kAgei + β2kFemalei + β3kBlacki

β0k = γ00 + γ0 Sizek + γ02TExpk + η0k
β k = γ 0 + η k

β2k = γ20 + γ2 PFemalek + γ22TFemalek + η2k
β3k = γ30 + γ3 PBlackk + γ32TBlackk + η3k
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Covariance 
structure

Covariance of the level-one 
coefficients modeled using 

variance Φ and correlations Ρ.
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Complete model
The full two-level model describes  

variation in test scores as a 
function of student- and class-

level covariates. 

Residual variation is attributed to 
within-class (σ) and between-

class (φ) differences.

<latexit sha1_base64="cKhgmoBkpug2XL30h1HtIz3Clns="></latexit>

Sik ⇠ Norm(μik, σ)

μik = β0k + β kAgei + β2kFemalei + β3kBlacki

β0k = γ00 + γ0 Sizek + γ02Expk+

γ03TeacherFemalek+

γ04TeacherBlackk+

γ05PropBlackk + η0k
β k = γ 0 + γ Sizek + η k

β2k = γ20 + γ2 TeacherFemalek + η2k
β3k = γ30 + γ3 TeacherBlackk+

γ32PropBlackk + η3k
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“Expanded” or 
“flat” model

<latexit sha1_base64="mUZ816tfmoRYJeG3A7Ul6d8wFR0="></latexit>

Sik =

γ00 + γ0 Sizek + γ02Expk + TeacherFemalek+

γ04TeacherBlackk + γ05PropBlackk + γ 0Agei
γ AgeiSizek + γ20Femalei + γ2 FemaleiTeacherFemalek+

γ30Blacki + γ3 BlackiTeacherBlackk + γ32BlackiPropBlackk+

η0k + η kAgei + η2kFemalei + η3kBlacki + εi

To specify the model 
in R/brms, it is useful 

to substitute the 
second-level 

equations to make 
the cross-level 

interactions implicit 
in the hierarchical 

model clear
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Interpreting 
estimates



Mean
90% credible 

interval
Expected score when 
all covariates are zero γ00 544.18 521.97 566.37

Baseline effect of class size γ01 –1.47 –2.02 –0.93
Baseline effect of 

teacher experience γ02 0.23 –0.01 0.47

Baseline effect of age γ10 –4.76 –5.87 –3.67
Effect of class size on age 

difference in scores γ11 0.10 –0.18 0.39

Two-level model: estimates
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Sik ⇠ Norm(μik, σ)

μik = β0k + β kAgei + β2kFemalei + β3kBlacki

β0k = γ00 + γ0 Sizek + γ02Expk+

γ03TeacherFemalek+

γ04TeacherBlackk+

γ05PropBlackk + η0k
β k = γ 0 + γ Sizek + η k

β2k = γ20 + γ2 TeacherFemalek + η2k
β3k = γ30 + γ3 TeacherBlackk+

γ32PropBlackk + η3k



Mean
90% credible 

interval
Baseline gender difference 

in teacher effectiveness γ03 –12.73 –34.86 9.44
Expected score difference between female 

versus male students with male teacher γ20 10.61 –7.43 28.56
Expected score difference for female 

students with female versus male teachers γ21 –0.61 –18.72 17.43

Two-level model: estimates
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Sik ⇠ Norm(μik, σ)

μik = β0k + β kAgei + β2kFemalei + β3kBlacki

β0k = γ00 + γ0 Sizek + γ02Expk+

γ03TeacherFemalek+

γ04TeacherBlackk+

γ05PropBlackk + η0k
β k = γ 0 + γ Sizek + η k

β2k = γ20 + γ2 TeacherFemalek + η2k
β3k = γ30 + γ3 TeacherBlackk+

γ32PropBlackk + η3k



Two-level model: estimates
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Mean
90% credible 

interval
Race difference in teacher 

effectiveness (white students) γ04 –7.96 –17.80 1.74
Effect of class racial  

composition (white students) γ05 –25.99 –38.44 –13.41
Baseline race difference 

in student scores γ30 –23.73 –29.22 –18.09
Added effect of having a Black teacher 

for Black (versus white) students γ31 13.97 4.37 23.78
Added effect of class racial composition 

for Black (versus white) students γ32 3.97 –10.53 18.72

<latexit sha1_base64="cKhgmoBkpug2XL30h1HtIz3Clns="></latexit>

Sik ⇠ Norm(μik, σ)

μik = β0k + β kAgei + β2kFemalei + β3kBlacki

β0k = γ00 + γ0 Sizek + γ02Expk+

γ03TeacherFemalek+

γ04TeacherBlackk+

γ05PropBlackk + η0k
β k = γ 0 + γ Sizek + η k

β2k = γ20 + γ2 TeacherFemalek + η2k
β3k = γ30 + γ3 TeacherBlackk+

γ32PropBlackk + η3k



Two-level model: estimates
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