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Worksheet notes
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Referring to files 
⦙ When referring to files, make it something that will work on 

other computers

⦙ Things like “C:/SomeFolder/data.csv” or “~/Downloads/

data.csv” are likely to only work on  your computer

⦙ Instead, either get the data directly from the URL or put the data 

in your working directory and just use “data.csv”

Avoid interactive commands 
⦙ Some commands (e.g. “View()”) only work in certain interactive 

settings — avoid putting them into .Rmd files

Minimize packages 
⦙ Only load the packages that you actually use in a script

Individual feedback 
⦙ Forthcoming!



Income and marital status
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Annual 
income

Marital 
status

?

Ei ∈ [0,∞) Mi ∈ {Single, Married, Divorced, Widowed}

Outcome variable has multiple (>2) 
categories. Binomial and Poisson models 
won’t work.

The problem

Use a multinomial outcome distribution 
(and a new link function) to account for the 
data.

The solution



Multinomial distribution
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Multinom (n, (p , . . . , pk))
<latexit sha1_base64="FV4V45DEO4jfxJ7bp33Wpr9qEMg="></latexit>

Result of n trials, each of which can result 
in one of k outcomes with probability p1, 
p2, …, pk.

Multinomial 
distribution
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Multinom (8, (0.20, 0. 0, 0.45, 0.25))
<latexit sha1_base64="QzIFXdwPFqieIkt1XeOTjXAhsBw="></latexit>

Each ‘observation’ 
describes outcome 
of n trials:

Observation 1 Observation 2 Observation 3 Observation 4



Multinomial distribution
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1 trial >1 trials
2 categories Bernoulli Binomial

>2 categories Categorical Multinomial

Bin(n, p) = Multinom(n, (1–p, p))Binomial 
distribution

Cat(p1, p2, …, pk) = 
Multinom(1, (p1, p2, …, pk))

Categorical 
distribution

Bernoulli(p) = Multinom(1, (1–p, p))Bernoulli 
distribution

Binomial, Bernoulli, and categorical distributions 
are special cases of the multinomial.



Categorical distribution
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Multinomial distribution with just one trialCategorical 
distribution
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Cat (0.20, 0. 0, 0.45, 0.25)
<latexit sha1_base64="DzwHSroxZlOIAjgaMgQfuKNAoxM="></latexit>

Cat (p , . . . , pk)
<latexit sha1_base64="NW80Z4nrZfp/3hVo7Sx2WUl81tE="></latexit>



<latexit sha1_base64="eJusW0azze1/y/Y7YJoytrKM/nM="></latexit>

ss = 0

sm = αm + βmEi
sd = αd + βdEi
sw = αw + βwEi

Categorical outcome
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Annual 
income

Marital 
status

?

Mi ∈ {Single, Married, Divorced, Widowed}

One category has to be 
the reference category.

Each other 
category gets its 
own coefficient.



Softmax link function
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Mi ∈ {Single, Married, Divorced, Widowed}

ps = softmax(ss) =
exp(ss)

exp(ss) + exp(sm) + exp(sd) + exp(sw)
<latexit sha1_base64="/Q1TZjjWG+ZPKeFyrEnMaJUPHkk="></latexit>

Softmax is a multivariate generalization of inverse logit.
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<latexit sha1_base64="kbRC2Kis1g5mkNLtnifJM6gocqE="></latexit>

Mi ⇠ Cat (softmax(ss,ms, sd, sw))

ss = 0

sm = αm + βmEi
sd = αd + βdEi
sw = αw + βwEi



Multinomial logistic regression
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Multinomial logistic (or categorical) regression model.
<latexit sha1_base64="DQM8Fz+8CraPp0fw3XK76Z4fagI="></latexit>

Mi ⇠ Cat (softmax(ssi, smi, sdi, swi))

ssi = 0

smi = αm + βmEi
sdi = αd + βdEi
swi = αw + βwEi

αs, αd, αw ⇠ Norm(0, 2)

βs, βd, βw ⇠ Norm(0, 3)



Multinomial logistic regression
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With two categories, the multinomial logistic model 
is the standard (binomial) logistic model.

Mi ⇠ Cat (softmax(s i, s2i))

s i = 0

s2i = α + βEi
α ⇠ Norm(0, )

β ⇠ Norm(0, 3)
<latexit sha1_base64="eKbEWbXh4R7gzYheuZsSa6+KZik="></latexit>

p2i =
exp(s2i)
+ exp(s2i)

= logit� (s2i)
<latexit sha1_base64="cXxO0z1gQR0Emzsm09QqZ2SgUq4="></latexit>



Interpreting estimates
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Mean
90% credible 

interval
αs 5.35 4.73 5.98

βs -0.59 -0.65 -0.53

αd 0.57 -0.24 1.37

βd -0.18 -0.25 -0.10

αw 1.94 0.89 2.98

βw -0.40 -0.50 -0.30

Mi ⇠ Cat (softmax(smi, ssi, sdi, swi))

smi = 0

ssi = αs + βsEi
sdi = αd + βdEi
swi = αw + βwEi

αs, αd, αw ⇠ Norm(0, 2)

βs, βd, βw ⇠ Norm(0, 3)
<latexit sha1_base64="S2yMeAv3XUX9I2n5E24SW19epeQ="></latexit>



Interpreting estimates
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Mean
90% credible 

interval
αs 5.35 4.73 5.98

βs -0.59 -0.65 -0.53

αd 0.57 -0.24 1.37

βd -0.18 -0.25 -0.10

αw 1.94 0.89 2.98

βw -0.40 -0.50 -0.30
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Estimation in 
R with brms



Estimating with brms
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model <- marital_status ~ log_income 

fit <- brm(model, data=d)

The brm() function allows you to use the 
model syntax from lm() and glm()

model <- marital_status ~ log_income 
pr <- c( 
  prior(normal(0,2), class='b'), # coefficients 
  prior(normal(0,3), class='Intercept') # interc. 
) 
fit <- brm(model, data=d, prior=pr)

Priors are set using the prior() function


